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Introduction
There is a long and successful history of using compartmental transmission models to study epidemic dynamics, often calibrated using time series data describing the progression of the epidemic [1] [2] [3] [4] [5] [6] . A fundamental tenet of classic epidemic theory is that the initial growth phase should be exponential in the absence of susceptible depletion, control interventions and behavior changes. Structured compartmental models integrating age, high-risk groups, geography, or changes in behavior or interventions, can alleviate up to some extent departures from exponential growth theory when disease transmission is heterogeneous (see e.g., [7] [8] [9] [10] [11] ). In some cases however, the underlying mechanisms are difficult to disentangle and hence to model, or the models may become too complex and intractable. Indeed, early sub-exponential (e.g., polynomial) growth patterns have been observed during the early phase of outbreaks of HIV/AIDS [12] [13] [14] Ebola [15] , and footand-mouth disease [16] , for which the biological mechanisms remain debated.
Accordingly, a generalized-growth extension to standard compartmental models has been proposed to accommodate more diverse epidemic profiles, where a tuning parameter (deceleration of growth, p) can mirror a range of epidemic dynamics from constant incidence (p=0) to exponential growth (p=1) [16] .
Application of generalized-growth models to empirical data support a range of epidemic behaviors across human pathogens, with notably slow spread (p <0.5) for district-level Ebola outbreaks in parts of West Africa, intermediate spread profiles for historical plague and smallpox outbreak (p=0.8), and near exponential dynamics for pandemic influenza (p~1) [17] . Hence, departure from standard epidemic theory may be more common than previously thought since transmission heterogeneities are the rule rather than the exception [16] . The generalized growth model is a convenient approach to faithfully capture the early dynamics of a range of infectious disease outbreaks without the need to understand these heterogeneities.
The reproduction number R 0 is a key parameter that characterizes the early epidemic spread, and can be used to inform public health authorities on the level of risk posed by an infectious disease and the potential effects of control interventions [18] . According to the classical epidemic theory of epidemics, largely based on compartmental modeling (e.g., [1, 2, 19, 20] ), R 0 is expected to remain invariant during the early phase of an epidemic that follows exponential growth and before susceptible depletion sets in [2] . Here, we expand on the generalized-growth method [16] to estimate the reproduction number of outbreaks in the context of early exponential and sub-exponential growth dynamics. We illustrate our approach using case incidence data for a diverse set of historic and contemporary infectious disease outbreaks and show that consideration of sub-exponential growth dynamics is important for accurate assessment of the reproduction number.
Materials and Methods

Methods
The reproduction number for exponential and sub-exponential growth epidemics
We extend a previously described generalized-growth model to estimate the effective reproduction number R g over disease generations g [16] . Briefly, the generalized growth model departs from the standard compartmental modelling theory by relaxing the assumption of exponential growth dynamics in the early ascending phase of an outbreak, following:
where C '(t) describes the incidence curve over time t, the solution C(t) describes the cumulative number of cases at time t , r is a positive parameter denoting the growth rate (1/time), and p∈ [0,1] is a 'deceleration of growth' parameter. If p=0, this equation describes constant incidence over time and the cumulative number of cases grows linearly, whereas p=1 describes exponential growth dynamics (i.e., Malthus equation) and the solution is given by: C(t) = C 0 e rt . For early exponential growth, the average number of secondary cases generated by initial cases during the first generation interval, T g (assumed to be fixed) is estimated by [21, 22] :
The expression for R 0 exp only depends on r and T g . Moreover, in the absence of control interventions or behavior changes R 0 exp remains invariant at e rT g . This can be shown by analyzing, R g exp , the ratio of case incidences over consecutive generation intervals, which is given by:
In the case of sub-exponential growth, i.e. when p < 1, no expression for the reproduction number has been derived. For such polynomial epidemics, equation (1) exhibits an explicit solution that describes the cumulative number of cases over time, C sub exp (t) , in the form of [23] :
where A = C 0 1− p is a constant that depends on the initial number of cases, C 0 . Hence, the corresponding incidence equation is given by:
These formulae can be used to derive an expression for the reproduction number in the first generation interval, denoted by R 0 sub exp , which quantifies the average number of cases generated by initial cases during the first generation interval and is given by:
In general, the expression for R 0 sub exp depends on r, p,T g and the initial number of cases, C 0 .
When C 0 = 1 , this ratio depends only on r, p and T g and is given by:
The expression can be generalized to later disease generations, g , by analyzing, R g sub exp , the ratio of case incidences over consecutive disease generations, which is given by:
In contrast to the exponential growth model where R 0 exp was independent of disease generation during the early growth phase, we observe that R g sub exp varies over time as a function of g . Since A in Equation (8) is small, the ratio r(1− p)T g r(1− p)gT g + A declines to zero as g increases, and thus R g sub exp approaches 1.0.
Numerical estimation of the reproduction number
The reproduction number can be estimated from incidence data comprising early epidemic growth phase and information about the distribution of the generation time of the disease (Table 1 ) [24] . Specifically, based on the early growth phase in case incidence at calendar time t i denoted by I i , and the discretized probability distribution of the generation interval denoted by ρ i , the reproduction number is estimated by [24, 25] :
where the denominator represents the disease prevalence at time t i [24] .
Simulations of the reproduction number
We simulated the temporal variation in the effective reproduction number for outbreaks that are characterized by initial sub-exponential and exponential growth dynamics. We analyzed these temporal profiles in the reproduction number in the first 5 disease generations using Equation (9) . For this purpose, we simulated early growth outbreak data using the generalized growth model (Equation 1) and assumed different distributions of the disease generation interval (e.g., exponential, gamma, uniform, delta). For this purpose, we fixed the growth rate parameter r and varied the 'deceleration of growth' parameter p between 0 and 1 [16] . Furthermore, we also compared our numerical simulations of the reproduction number assuming a fixed generation interval using Equation (9) with analytical results obtained using Equations 3 and 7-8.
Application to real outbreak data
We obtained case incidence data for various infectious disease epidemics including pandemic influenza, measles, smallpox, bubonic plague, cholera, foot-and-mouth disease (FMD), HIV/AIDS, and Ebola. The temporal resolution of the datasets varied from daily, weekly, to annual. We employed these datasets to illustrate the estimation of the reproduction number and represent a convenience sample encompassing a range of pathogens, geographic contexts, and time periods (Table 1) . For each outbreak, the onset week corresponds to the first observation associated with a monotonic increase in incident cases, up to the peak incidence. We estimated the reproduction number based on Equation (9), assuming that the generation interval of the disease follows a gamma distribution with mean and variance given in Table 1 [11, [26] [27] [28] [29] [30] [31] .
We estimated parameters r and p of the generalized growth model based on Equation 1, in line with past work [16] . Specifically, a nonlinear least-squares fitting procedure was applied to case incidence curves modeled by equation C' t ( ) during the initial epidemic phase comprising approximately 3 to 5 disease generations, when the proportion of susceptible individuals in the population approximates its initial value [16] . We used the Levenberg-Marquardt algorithm implemented in MATLAB (The Mathworks, Inc.) as in prior studies (e.g, [17] ). The initial number of cases C(0) was fixed according to the first observation. Confidence intervals for the model parameter estimates were constructed by simulating 200 realizations of the best-fit curve C' t ( ) using parametric bootstrapping with a Poisson error structure, as in prior studies [17, 32] . Parameters r and p were then estimated from each of 200 simulated epidemic curves to derive nominal 95% confidence intervals.
Results
We first analyzed simulations of early epidemic growth for different values of the growth rate r and the "the deceleration of growth" parameter p, and assuming a fixed generation interval ( Figure 1 and Figure S1 ). Our simulations assuming a fixed generation interval confirm the analytical results described in Equations 3 and 7-8 in relation to the behavior of the reproduction number. In particular, in the case of sub-exponential growth (p<1), and for a given growth rate, simulations show that the effective reproduction number approaches 1.0 as disease generations progress. In contrast, for exponential growth (p=1), the effective reproduction number settles at a constant value following the first disease generation, in the absence of interventions or susceptible depletion.
We also ran simulations under different assumptions regarding the distribution of the generation interval as p varied in the range 0 < p ≤ 1 (Figure 2 ). The declining trend in the effective reproduction number persists independently of the form of the generation interval distribution for the sub-exponential growth regime ( p < 1). Moreover, as departure from exponential growth increased (i.e., as p decreased towards 0), reproduction number estimates became less dependent on the generation time distribution ( Figure 2 ).
Importantly, this indicates that for a sufficiently small value of p < 1, the mean of the generation interval distribution provides sufficient information to estimate the reproduction number, without the need for information on the shape of the generation interval distribution.
Next, we analyzed a variety of empirical outbreak data to test the importance of subexponential growth behavior in real disease dynamics and the resulting impact on reproduction number estimates. We found some variability in estimates of the reproduction number across 21 outbreaks representing 8 different pathogens (median=1.4, IQR: 1.7, 2.6; Figure 3 ) and the deceleration of growth parameter (median p=0.47, IQR:
0.64, 0.82; Figure 4 ). Not surprisingly, parameter uncertainty declined with increasing length of the early epidemic phase used for estimation ( Figures 3-4 ). However, the mean estimates of the effective reproduction number showed a decreasing trend as more data of the early epidemic phase comprising 3-5 generation intervals were used in estimation ( Figure 3 ). On the other hand, mean estimates of the deceleration of growth parameter p (Table 1) were stable when using early growth outbreak data comprising 3-5 generation intervals (ANOVA, P=0.9). We found that a significant variation in the mean estimates of Figure 9 ).
Discussion
We have introduced a quantitative framework to characterize the transmission potential of epidemics that exhibit an initial sub-exponential (e.g., polynomial) growth phase. This framework is based on the generalized-growth model [16] , and requires information about the disease generation interval. In this context, using disease-specific outbreak data, we demonstrated that the effective reproduction number displays a downward trend that As shown here, for epidemics that truly depart from exponential growth theory, use of traditional estimation methods relying on exponential-growth assumptions are expected to inflate estimates of the reproduction number. The bias between theoretical values and estimates increases as departure from exponential theory becomes more pronounced, i.e., when p decreases towards 0, representing slower epidemic spread compared to the exponential case where p=1. For instance, our estimate of the reproduction number for the 1972 smallpox epidemic in Khulna, Bangladesh at ~2 (95% CI: 1.6, 2.6) is significantly lower than earlier historic estimates of smallpox based on exponential growth assumptions (range 3.5 -6.0) [33] . Not surprisingly, when the deceleration of growth parameter p is near 1.0, suggesting initial exponential growth, our estimate of the reproduction number remains consistent with those of compartment models, as is the case for the 1905 bubonic plague epidemic in Bombay, India [34] . Similarly, our mean R estimate at 1.67 (95% CI:
1.43, 2.08) for the 1918 influenza pandemic in San Francisco with near exponential-growth dynamics is consistent with that derived using the SEIR model assuming a 3 day generation interval. Overall, our estimates for Ebola outbreaks tend to be slightly lower than those reported in prior studies, possibly because our data are consistent with subexponential growth at the district levels (e.g., [28, [35] [36] [37] [38] [39] [40] [41] [42] ). While our goal was not to carry out extensive comparisons of reproduction number estimates across studies, similar conclusions can be drawn for the other epidemics analyzed here ( Table 1) .
While providing a quantitative framework for estimation of the reproduction number, this study adds to our understanding of infectious disease dynamics and control. Classical theory of epidemics predicts that the reproduction number remains unchanged over time unless other factors that blunt the transmission rate take effect in the population, such as control interventions or behavior changes [1, 2] . For instance, in the simple susceptibleinfectious-removed (SIR) model, the critical fraction of the population needed to be effectively vaccinated to prevent an epidemic is given by: 1-1/R 0 , which is in the range 50-90% of the population for most epidemic diseases [1, 41] . However, this fraction may be potentially considerably lower for epidemics rendering sub-exponential growth, where the reproduction number naturally declines towards unity irrespective of other intervention measures and before susceptible depletion sets in. For example, the 2014 West-African Ebola outbreak ended with less than 1% of the population registered as cases, which defies expectations from SIR models, and the contribution of large-scale interventions on these low attack rates remains debated [43] . These data-driven observations suggest that more attention should be paid to the shape of the early ascending phase of emerging infectious diseases outbreaks, via the generalized-growth model, and the associated uncertainty in the reproduction number estimates should be considered. In the context of novel infectious disease threats for which little or no knowledge of the generation interval exists, the deceleration of growth parameter alone could provide useful information about the early epidemic growth pattern, which could then be improved in real-time as more data become available.
Given our observations, it is natural to expect that the probability that an emerging disease outbreak goes extinct due to stochastic effects is higher for epidemics with sub-exponential growth, exhibiting a declining trend in the effective reproduction number. This may partially explain the small magnitude and a short duration of most Ebola outbreaks since 1976 [44] [45] [46] . In fact, simulations using an individual-level stochastic model calibrated to
Ebola transmission with an early sub-exponential growth phase yielded a probability of ~0.4 that an outbreak would die out spontaneously during the first month of transmission [42] .
In a public health context, sub-exponential epidemic growth should not be interpreted as an indicator of the level of difficulty we may face to control an epidemic. However, it suggests a greater window of opportunity for the implementation of control interventions compared to an exponential-growth epidemic for a given growth rate, r. In the context of geographically widespread epidemics such as the West African 2014 Ebola outbreak, an Ebola transmission model that incorporates a household and community contact network structure [42] has displayed an effective reproduction number that asymptotically declines toward unity as the virus spreads through the population. Yet, the size and speed of this epidemic wave was shown to depend on the contact network properties and the transmissibility at the household and community levels [42] . Thus, regardless of whether or not epidemic growth is sub-exponential, public health interventions are critical to decrease the reproduction number below the threshold of 1 for halting disease spread.
In this article we introduced for the first time a practical quantitative framework to characterize the reproduction number of epidemics with early sub-exponential growth dynamics. Our results underscore the need to carefully characterize the shape of the epidemic growth phase via the generalized-growth model in order to accurately capture changes in the effective reproduction number. Consideration of the sub-exponential growth phenomenon will improve our ability to appropriately model transmission scenarios, assess the potential effects of control interventions, and provide accurate forecasts of epidemic impact. Due to the importance of early quantification of disease characteristics for rapid and informed public health responses, the development of new mechanistic transmission models is needed to provide a better understanding of the factors driving sub-exponential growth dynamics. Such models, as has historically been shown, would allow for a systematic evaluation of epidemic outcomes and disease control policies. A recent review of forecasting models for the West African Ebola epidemic highlighted a range of approaches to investigating disease spread from simple phenomenological models, to compartmental epidemic models, to intricate contact networks [47] . The vast majority of these approaches considered models with early exponential growth dynamics, an assumption that had led to substantial overestimates in projecting the 2014 Ebola epidemic size and peak time. Chretien et al. [47] underscore the need to design new mechanistic models that incorporate "dampening approaches" to improve the characterization of the force of infection and provide uniform forecasting approaches and evaluation metrics. We believe the present study represents a significant step in this direction. FMD=foot-and-mouth disease & Mean and SD for generation interval is given in days except for HIV/AIDS datasets given in years. Estimates of the reproduction number and corresponding 95% confidence intervals derived from various infectious disease outbreak datasets of case incidence series by fitting the generalized-growth model to the initial phase of the epidemics comprising approximately the first 3 (green), 4 (blue), and 5 (red) generation intervals of disease transmission. The generation interval is assumed to follow a gamma distribution with the corresponding mean and variance provided in Table 1 . Estimates and 95% confidence intervals for the growth rate parameter r and the deceleration of growth parameter p are also shown. Estimates and 95% confidence intervals of the effective reproduction number derived from fitting the generalized growth model to an increasing length of the early phase of epidemic growth comprising approximately 3-5 generation intervals of the disease. The generation interval is assumed to be gamma distributed with mean of 5 days and standard deviation of 1 day. Estimates and 95% confidence intervals for the growth rate parameter r and the deceleration of growth parameter p are also shown. Estimates and 95% confidence intervals of the effective reproduction number derived from fitting the generalized growth model to an increasing length of the early phase of epidemic growth comprising approximately 3-5 generation intervals of the disease. The generation interval is assumed to be gamma distributed with mean of 4 years and standard deviation of 1.4 years. Estimates and 95% confidence intervals for the growth rate parameter r and the deceleration of growth parameter p are also shown. Estimates and 95% confidence intervals of the effective reproduction number derived from fitting the generalized growth model to an increasing length of the early phase of epidemic growth comprising approximately 3-5 generation intervals of the disease. The generation interval is assumed to be gamma distributed with mean of 19 days and standard deviation of 11 days. Estimates and 95% confidence intervals for the growth rate parameter r and the deceleration of growth parameter p are also shown. Estimates and 95% confidence intervals of the effective reproduction number derived from fitting the generalized growth model to an increasing length of the early phase of epidemic growth comprising approximately 3-5 generation intervals of the disease. The generation interval is assumed to be gamma distributed with mean of 11.6 days and standard deviation of 5.6 days. Estimates and 95% confidence intervals for the growth rate parameter r and the deceleration of growth parameter p are also shown. Simulated profiles of the effective reproduction number during the first 5 generation intervals derived from case incidence curves of the generalized-growth model with different values of the growth rate (r) and the deceleration of growth parameter (p). The initial number of cases is set to C(0)=1. Estimates of the effective reproduction number are generated assuming a fixed generation interval at 3 days.
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Figure S2
Mean estimates of the reproduction number and the deceleration of growth parameter p derived from our sample of infectious disease datasets (Table 1) were significantly correlated for three estimation periods with an initial phase length comprising 3 to 5 generation intervals.
